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We propose simple forms of neutrino mixing matrix in analogy with the Wolfenstein parametriza-
tion of quark mixing matrix, by adopting the smallest mixing angle θ13 as a measure of expansion
parameters with the tribimaximal pattern as the base matrix. The triminimal parametrization tech-
nique is utilized to expand the mixing matrix under two schemes, i.e., the standard Chau-Keung
(CK) scheme and the original Kobayashi-Maskawa (KM) scheme. The new parametrizations have
their corresponding Wolfenstein-like parametrizations of quark mixing matrix, and therefore they
share the same intriguing features of the Wolfenstein parametrization. The newly introduced ex-
pansion parameters for neutrinos are connected to the Wolfenstein parameters for quarks via the
quark-lepton complementarity.
PACS numbers: 14.60.Pq, 11.30.Er, 12.15.Ff, 14.60.Lm
The recent establishment of a non-zero and relatively large value of the smallest neutrino mixing angle θ13 by a
number of experiments [1–3] can be considered as a signal for the high precision era of neutrino oscillations. Among the
four parameters for the description of neutrino mixing matrix, the three mixing angles have been measured to rather
high precision, with only the CP violating phase δ being unknown yet. It is thus time to reconsider our understanding
of the neutrino mixing pattern and seek a simple parametrization of neutrino mixing matrix, in analogy with the
Wolfenstein parametrization [4] of quark mixing matrix.
In the standard model of particle physics, the mixing is well described by the Cabibbo-Kobayashi-Maskawa matrix
VCKM [5, 6] for quarks and the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix UPMNS [7] for leptons. Among
many options, the standard parametrization, i.e., the Chau-Keung (CK) scheme [8], expresses the mixing matrix by
three angles θ12, θ13, θ23 and one CP-violating phase angle δ in a form
V/U =

 c12c13 s12c13 s13e
−ıδ
−c12s23s13eiδ − s12c23 −s12s23s13eıδ + c12c23 s23c13
−c12c23s13eıδ + s12s23 −s12c23s13eıδ − c12s23 c23c13

 , (1)
where sij = sinθij and cij = cosθij (i, j = 1, 2, 3). For describing the quark mixing, another simple form of parametriza-
tion, i.e., the Wolfenstein parametrization [4], was proposed with the re-definition that s12 = λ, s23 = Aλ
2 and
s13e
ıδ = Aλ3(ρ+ ıη). Its explicit form at the accuracy of O(λ4) is
VCKM =

 1−
1
2
λ2 λ Aλ3(ρ− ıη)
−λ 1− 1
2
λ2 Aλ2
Aλ3(1− ρ− ıη) −Aλ2 1

+O(λ4) . (2)
Such a parametrization has a number of advantages, such as simplicity in form, convenience for use, and hierarchical
feature in structure, thus it is widely adopted in theoretical analysis and phenomenological applications.
The Wolfenstein parametrization can be considered as expansions in orders of λ around the unit matrix. For the
neutrino mixing, the situation becomes complicated as expansions around the unit matrix is inadequate due to the
large values of neutrino mixing angles θ12 and θ23. There have been attempts to parameterize the PMNS matrix based
on some mixing patterns with finite mixing angles, such as the bimaximal (BM) pattern [9] with θ12 = θ23 = 45
◦ and
the tribimaximal (TB) pattern [10] with θ12 = 35.26
◦ and θ23 = 45
◦, and the base matrices of the two patterns are
UBM =


1√
2
1√
2
0
− 1
2
1
2
1√
2
1
2
− 1
2
1√
2

 , UTB =


√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

 , (3)
where an additional factor Pν = Diag{e−ıα/2, e−ıβ/2, 1} should be multiplied for the Majorana neutrino case. In both
of the above mixing patterns, the mixing angle θ13 is chosen to be zero.
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2A large and non-zero θ13 poses a challenge to previous mixing patterns such as the TB pattern which has received
studies using basic symmetries. We need to make the upgrade of previous parametrizations which are mostly based
on the speculation of a small θ13 [11]. A new mixing pattern has been suggested [12] based on a self-complementary
relation [13] θν12 + θ
ν
13 = θ
ν
23 = 45
◦ between neutrino mixing angles. The new base matrix and also the consequent
Wolfenstein-like parametrization are complicated. Therefore a new strategy for the parametrization of the PMNS
matrix should be re-designed.
In this paper we take the smallest mixing angle θ13 as a Wolfenstein-like parameter for the PMNS matrix expansion.
We utilize the triminimal parametrization technique [14, 15] and adopt the three parameters s ∼ 0.1, a ∼ 1 and b ∼ 1
from the following relations
sin θ12 =
1√
3
(1 − 2as3),
sin θ23 =
1√
2
(1 − bs2),
sin θ13 = sin 0
◦ +
√
2s =
√
2s, (4)
where the tri-maximal bases are taken to be the TB mixing pattern. From Eq. (4) we get the corresponding trigono-
metric functions
cos θ12 =
√
1− sin2 θ12 =
√
2
3
(
1 + as3
)
+O(s4 → s6),
cos θ23 =
√
1− sin2 θ23 = 1√
2
(
1 + bs2
)
+O(s4),
cos θ13 =
√
1− sin2 θ13 = 1− s2 +O(s4). (5)
Substituting the above expressions into Eq. (1) we obtain
UPMNS =


√
2
3
(
1− s2 + as3) 1√
3
(
1− s2 − 2as3) 0
− 1√
6
(
1 + bs2 − 2as3) 1√
3
(
1 + bs2 + as3
)
1√
2
(
1− s2 − bs2)
1√
6
(
1− bs2 − 2as3) − 1√
3
(
1− bs2 + as3) 1√
2
(
1− s2 + bs2)


+


0 0
√
2se−ıδ
−
√
2
3
seıδ
(
1− bs2) − 1√
3
seıδ
(
1− bs2) 0
−
√
2
3
seıδ
(
1 + bs2
) − 1√
3
seıδ
(
1 + bs2
)
0

+O(s4), (6)
which can be re-written in a form
UPMNS = UTB ⊛

 1− s
2 + as3 1− s2 − 2as3 0
1 + bs2 − 2as3 1 + bs2 + as3 1− s2 − bs2
1− bs2 − 2as3 1− bs2 + as3 1− s2 + bs2


− 1√
3
seıδ

 0 0 −
√
6e−2ıδ√
2
(
1− bs2) (1− bs2) 0√
2
(
1 + bs2
) (
1 + bs2
)
0

+O(s4), (7)
where the sign ⊛ means direct multiplications between the corresponding elements of the two matrices. For a = b = 0,
the parametrization reduces to the latest parametrization by King [16] with a similar form
UPMNS =


√
2
3
(
1− s2) 1√
3
(
1− s2) √2se−ıδ
− 1√
6
−
√
2
3
seıδ 1√
3
−
√
1
3
seıδ 1√
2
(
1− s2)
1√
6
−
√
2
3
seıδ − 1√
3
−
√
1
3
seıδ 1√
2
(
1− s2)

 +O(s2), (8)
from which we see that the deviation could be of the order O(s2) instead of O(s3) if we adopt θ23 ≈ 40◦ as our input
for b ∼ 1.
Eq. (7) can be considered as our proposal for a simple Wolfenstein-like parametrization for neutrino mixing with
respect to the standard parametrization Eq. (1). It is a full parametrization with four independent parameters s,
3a, b and δ, corresponding to the three Euler angles θ13, θ12, θ23 and the CP violating phase δ in the CK-scheme.
One advantage of Eq. (7) is that the leading order of the matrix corresponds to the tribimaximal pattern UTB.
In similar to the Wolfenstein parametrization in which the largest mixing angle θC serves as the main expansion
parameter λ = sin(θC), the main expansion parameter s for neutrinos corresponds to the smallest mixing angle θ13
by
√
2s = sin(θ13). Another advantage of Eq. (7) is that the CP violating terms are expressed in the matrix with the
factor eıδ, therefore this parametrization is also convenient for the analysis of CP violation in neutrino oscillations.
Taking the latest results from phenomenological analysis [17] as our input
θ12 = (33.96
+1.03
−0.99(
+3.22
−2.91))
◦;
θ23 = (40.40
+4.64
−1.74(
+12.77
−4.64 ))
◦;
θ13 = (9.07± 0.63(±1.89))◦, (9)
we obtain s ≈ 0.111, a ≈ 11.7 and b ≈ 6.71.
In alternative to the CK-scheme, the Kobayashi-Maskawa (KM) scheme [6] is also been shown to own some intriguing
features which are convenient for applications [18–23]. One example is a simple Wolfenstein-like parametrization of
the form [22]
V =


1− λ2
2
λ e−ıδ˜hλ3
−λ 1− λ2
2
(f + e−ıδ˜h)λ2
fλ3 −(f + eıδ˜h)λ2 1

 +O(λ4) , (10)
with respect to the re-phased form [22] of mixing matrix in the KM-scheme
VKM =


c1 s1c3 s1s3e
−ıδ˜
−s1c2 c1c2c3 − s2s3eıδ˜ s2c3 + c1c2s3e−ıδ˜
s1s2 −c1s2c3 − c2s3eıδ˜ c2c3 − c1s2s3e−ıδ˜

 , (11)
in which si = sin θi and ci = cos θi correspond to Euler angles θi (i = 1, 2, 3), and δ˜ is the CP-violating phase in the
KM parametrization. One advantage of the KM-scheme is that it allows for almost a perfect maximal CP violation
of the quark mixing [18–23], i.e., δ˜quark = 90◦. With an Ansatz of maximal CP violation δ˜lepton = 90◦ for also
leptons [24], we get the mixing angles in the KM parametrization [17]
θ1 = (35.01
+1.01
−0.97)
◦;
θ2 = (39.86
+5.14
−1.97)
◦;
θ3 = (15.96
+1.11
−1.18)
◦. (12)
We introduce the three parameters
sin θ1 =
1√
3
(1− 2a˜s˜4),
sin θ2 =
1√
2
(1− b˜s˜2),
sin θ3 =
√
2s˜, (13)
from which we get
cos θ1 =
√
1− sin2 θ1 =
√
2
3
(
1 + a˜s˜4
)
+O(s˜8),
cos θ2 =
√
1− sin2 θ2 = 1√
2
(
1 + b˜s˜2
)
+O(s˜4),
cos θ3 =
√
1− sin2 θ3 = 1− s˜2 +O(s˜4), (14)
where s˜ ≈ 0.194, a˜ ≈ 2.20 and b˜ ≈ 2.48. Substituting the above trigonometric functions into Eq. (11), we obtain the
simple parametrization of the PMNS matrix with respect to the KM-scheme
UPMNS = UTB ⊛

 1 1− s˜
2 0
1 + b˜s˜2 1− s˜2 + b˜s˜2 1− s˜2 − b˜s˜2
1− b˜s˜2 1− s˜2 − b˜s˜2 1− s˜2 + b˜s˜2

+ s˜eıδ˜


0 0
√
2/3e−2ıδ˜
0 −1
√
2/3e−2ıδ˜
0 −1 −
√
2/3e−2ıδ˜

+O(s˜3). (15)
4In comparison with Eq. (7), this form of the PMNS matrix looks more simple.
We now provide connections between the newly introduced parameters of neutrinos and the Wolfenstein parameters
of quarks via the quark-lepton complementarity (QLC) [25–27]. The QLC in forms of mixing matrices can lead to a
simple relation Ue3 ≈ λ/
√
2 [12, 28, 29], thus we have
s ≈ λ/2, s˜ ≈
√
3λ/2, (16)
where the first relation can also be obtained from alternative arguments [16, 30]. From the QLC in the form of mixing
angles, i.e., θq23 + θ
l
23 = 45
◦, we arrive at the relation bs2 ∼ b˜s˜2 ∼ κAλ2, with κ23 = (45◦ − θl23)/θq23 = 1.96 and
κ2 = (45
◦ − θl2)/θq2 = 2.18 being the adjusting factors of the data. Then we get
b ∼ 4κ23A, b˜ ∼ 4κ2A/3. (17)
Thus our newly proposed simple parametrizations Eqs. (7) and (15) can be also considered as expansions in terms of
the Wolfenstein parameters λ and A of quarks. Adopting λ = 0.2253 and A = 0.808 we obtain
s ≈ 0.113, b ∼ 6.32; s˜ ≈ 0.195, b˜ ∼ 2.37, (18)
which are compatible with the above estimated values from neutrino oscillation data. Further accurate measurements
can test and improve the above suggested connections between quarks and leptons.
There is uncertainty with the choice of the powers of s or s˜ with respect to a, b or a˜, b˜. For example, we can
alternatively choose sin θ12 =
1√
3
(1 − 2as2) in the CK-Scheme or sin θ1 = 1√3 (1 − 2a˜s˜3) in the KM-Scheme, so that
the new PMNS matrix is
UPMNS = UTB ⊛

 1− s
2 + as2 1− s2 − 2as2 0
1 + bs2 − 2as2 1 + bs2 + as2 1− s2 − bs2
1− bs2 − 2as2 1− bs2 + as2 1− s2 + bs2


− 1√
3
seıδ

 0 0 −
√
6e−2ıδ√
2
(
1− bs2) (1− bs2) 0√
2
(
1 + bs2
) (
1 + bs2
)
0

+O(s4), (19)
with s ≈ 0.111, a ≈ 1.31 and b ≈ 6.71, or
UPMNS = UTB ⊛

 1 + a˜s˜
3 1− s˜2 − 2a˜s˜3 0
1 + b˜s˜2 − 2a˜s˜3 1− s˜2 + b˜s˜2 + a˜s˜3 1− s˜2 − b˜s˜2
1− b˜s˜2 − 2a˜s˜3 1− s˜2 − b˜s˜2 + a˜s˜3 1− s˜2 + b˜s˜2


+
1√
3
s˜eıδ˜


0 0
√
2e−2ıδ˜
0 −√3(1− b˜s˜2) √2(1 + b˜s˜2)e−2ıδ˜
0 −√3(1 + b˜s˜2) −√2(1− b˜s˜2)e−2ıδ˜

 +O(s˜4), (20)
with s˜ ≈ 0.194, a˜ ≈ 0.428 and b˜ ≈ 2.48. The corresponding powers of s or s˜ related to b or b˜ could be 3 or higher
instead of 2, if the experimental value for θ23 or θ2 is more close to 45
◦. Further improved measurements of neutrino
mixing data or theoretical progress on the underlying quark-lepton connections can help to determine the explicit
powers.
In conclusion, we suggest simple forms of the PMNS matrix with some intriguing features possessed by the Wolfen-
stein parametrization of quark mixing matrix, such as full form of mixing matrix with four independent parameters,
simplicity in form for convenient applications especially for CP violation study, and also hierarchical structure as
expansions around the tribimaximal pattern. Though the explicit forms of parametrization, such as the powers of s
or s˜ with respect to the parameters a, b or a˜, b˜, might change according to future improved measurements of neutrino
mixing parameters, parametrizations in the same spirit of the Wolfenstein parametrization might have more chance
for wide applications.
5Acknowledgments
This work is partially supported by National Natural Science Foundation of China (Grants No. 11021092,
No. 10975003, No. 11035003, and No. 11120101004).
[1] T2K Collaboration, K. Abe et al., Phys. Rev. Lett. 107, 041801 (2011);
MINOS Collaboration, P. Adamson et al., Phys. Rev. Lett. 107, 181802 (2011);
Double Chooz Collaboration, Y. Abe et al., Phys. Rev. Lett. 108, 131801 (2012).
[2] F.P. An et al. [DAYA BAY Collaboration], Phys. Rev. Lett. 108, 171803 (2012) [arXiv:1203.1669 [hep-ex]].
[3] J.K. Ahn et al. [RENO Collaboration], Phys. Rev. Lett. 108, 191802 (2012) [arXiv:1204.0626 [hep-ex]].
[4] L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).
[5] N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963).
[6] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652 (1973).
[7] B. Pontecorvo, Sov. Phys. JETP 26, 984 (1968);
Z. Maki, M. Nakagawa and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).
[8] L.L. Chau and W.Y. Keung, Phys. Rev. Lett. 53, 1802 (1984).
[9] F. Vissani, hep-ph/9708483; V.D. Barger, S.Pakvasa, T.J. Weiler, and K. Whisnant, Phys. Lett. B437, 107 (1998);
A.J. Baltz, A.S. Goldhaber, and M. Goldhaber, Phys. Rev. Lett. 81, 5730 (1998); I. Stancu and D.V. Ahluwalia, Phys.
Lett. B460, 431 (1999); H. Georgi and S.L. Glashow, Phy. Rev. D61, 097301 (2000); N. Li and B.-Q. Ma, Phys. Lett. B
600, 248 (2004) [arXiv:hep-ph/0408235].
[10] P.F. Harrison, D.H. Perkins, and W.G. Scott, Phys. Lett. B458, 79 (1999); Phys. Lett. B530, 167 (2002); Z.Z. Xing, Phys.
Lett. B533, 85 (2002); P.F. Harrison and W.G. Scott, Phys. Lett. B535, 163 (2002); Phys. Lett. B557, 76 (2003); X.-G. He
and A. Zee, Phys. Lett. B560, 87 (2003); N. Li and B.-Q. Ma, Phys. Rev. D 71, 017302 (2005) [arXiv:hep-ph/0412126].
See also L. Wolfenstein, Phys. Rev. D18, 958 (1978); Y. Yamanaka, H. Sugawara, and S. Pakvasa, Phys. Rev. D25, 1895
(1982); D29, 2135(E) (1984).
[11] S.-W. Li and B.-Q. Ma, Phys. Rev. D77, 093005 (2008).
[12] Y.-j. Zheng and B.-Q. Ma, Eur. Phys. J. Plus 127, 7 (2012) [arXiv:1106.4040 [hep-ph]].
[13] X. Zhang and B.-Q. Ma, Phys. Lett. B 710, 630 (2012) [arXiv:1202.4258 [hep-ph]].
[14] S. Pakvasa, W. Rodejohann and T.J. Weiler, Phy. Rev. Lett. 100, 111801 (2008); X.-G. He, S.-W. Li and B.-Q. Ma, Phys.
Rev. D78, 111301R (2008) and D 79, 073001 (2009).
[15] S.F. King, Phys. Lett. B 659, 244 (2008).
[16] S.F. King, Phys. Lett. B 718, 136 (2012) [arXiv:1205.0506 [hep-ph]].
[17] X. Zhang and B.-Q. Ma, arXiv:1204.6604 [hep-ph].
[18] Y. Koide, Phys. Lett. B607, 123 (2005).
[19] Y. Koide and H. Nishiura, Phys. Rev. D 79, 093005 (2009) [arXiv:0811.2839 [hep-ph]].
[20] P.H. Frampton and X.-G. He, Phys. Lett. B688, 67 (2010); P.H. Frampton and X.-G. He, Phys. Rev. D82, 017301 (2010).
[21] S.-W. Li and B.-Q. Ma, Phys. Lett. B 691, 37 (2010) [arXiv:1003.5854 [hep-ph]].
[22] N. Qin and B.-Q. Ma, Phys. Lett. B 695, 194 (2011); N. Qin and B.-Q. Ma, Phys. Rev. D 83, 033006 (2011).
[23] Y.H. Ahn, H.Y. Cheng and S. Oh, Phys. Lett. B 701, 614 (2011) [arXiv:1105.0450 [hep-ph]].
[24] X. Zhang and B.-Q. Ma, Phys. Lett. B 713, 202 (2012) [arXiv:1203.2906 [hep-ph]].
[25] A.Y. Smirnov, arXiv:hep-ph/0402264;
H. Minakata and A.Y. Smirnov, Phys. Rev. 70, 073009 (2004); M. Raidal, Phys. Rev. Lett. 93, 161801 (2004).
[26] See, e.g., P.H. Frampton and R.N. Mohapatra, JHEP 0501, 025 (2005) [arXiv:hep-ph/0407139]; N. Li and B.-Q. Ma, Phys.
Rev. D 71, 097301 (2005) [arXiv:hep-ph/0501226]; S. Antusch, S. F. King and R. N. Mohapatra, Phys. Lett. B 618, 150
(2005) [arXiv:hep-ph/0504007]; H. Minakata, arXiv:hep-ph/0505262; J. Ferrandis and S. Pakvasa, Phys. Rev. D71, 033004
(2005); S.K. Kang, C.S. Kim and J. Lee, Phys. Lett. B619, 129 (2005); S. Antusch, S.F. King and R.N. Mohapatra, Phys.
Lett. B618, 150 (2005); M.A. Schmidt and A.Y. Smirnov, Phys. Rev. D74, 113003 (2006); J. E. Kim and J. -C. Park,
JHEP 0605, 017 (2006); K. A. Hochmuth and W. Rodejohann, Phys. Rev. D 75, 073001 (2007) [arXiv:hep-ph/0607103];
F. Plentinger, G. Seidl and W. Winter, Phys. Rev. D76, 113003 (2007); G. Altarelli, F. Feruglio and L. Merlo, JHEP
0905, 020 (2009).
[27] X. Zhang, Y.-j. Zheng and B.-Q. Ma, Phys.Rev.D 85, 097301 (2012) [arXiv:1203.1563 [hep-ph]]; X. Zhang and B.-Q. Ma,
Phys. Rev. D 86, 093002 (2012) [arXiv:1206.0519 [hep-ph]].
[28] N. Li and B.-Q. Ma, Eur. Phys. J. C 42, 17 (2005) [hep-ph/0504161].
[29] N. Qin and B.-Q. Ma, Phys. Lett. B 702, 143 (2011) [arXiv:1106.3284 [hep-ph]].
[30] S. Antusch, C. Gross, V. Maurer, and C. Sluka, Nucl. Phys. B 866, 255 (2013) [arXiv:1205.1051].
